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QUESTION ONE (30OMK S) (COMPUL SORY)
a. Find the derivative of the function
[ x—xd _(h(x)ﬂ.
Fo) = ( - x:) “\rw)
and evaluateit at the point x, = (1,—1)7 (4 marks)

b. Solvetheinitial value problem
i=a, x(0)=ux
by method of successive approximations. (5 marks)
c. Provethat the function
V(y,¥2) =¥ +¥i¥i+¥, (0¥ ER
Isastrict Liapunov function of the system

Xy =1—3x, + 3xf + 2x5 — xf — 2, x5

2

Xy = Xy — 2Xy Xz + Xf Xy — x5

At the fixed point (1,0) (6 marks)
d. Investigate the stability at the origin for the system (7 marks)
X, = 2x;(x5 — 1)
¥z = —x(xz — 1)
Xy = —x3

e. Show that the phase portrait of
F—-(1—-3x=20)i+x=0

hasalimit cycle (8 marks)

QUESTION TWO (20 MARKYS)
a. Investigate the stability of the second order equation

¥+47+x=0
at the origin of its phase plane (5 marks)

b. For the following functions

xy + xgxs + xpxd
, )= —y + X5 — XgXg + Xy
. v wE
Xz + Xy — X3

Xy + Xqx5

f (o) =(

—xz + x3 + x5



. Compute the derivatives of these functions (5 marks)

. Find the zeros of the above functions, that is, the points x; € R where

f(x;) = 0and evaluate U (x) at these points (8 marks)
For thefirst function f: R* — R? defined in part (i) above, compute
D#f(xc)(x, ¥) wherex, = (0,1) isazero of f. (2 marks)

QUESTION THREE (20 MARKYS)

a. Consider apredator-prey system governed by the following equations

f=—a +b

v=c —d

. Which variable, x or y denotes the prey and predator species. Justify your

answer. (2 marks)

. Find the equilibrium points for the above system and give its ecol ogical

interpretation (6 marks)

b. Consider the following logistic predator-prey model

.'Jfl = —Il + 0.9.1-1.'[:
v — . Xy -
.r: —_ 2.[: (1 - 7,‘1 - 1.2.[1.[:
Does x4 (t) denote the prey or predator population? What of x5 (t)? Justify

your answer. (2 marks)

. Find al equilibrium points (5 marks)
iii.  Suppose the prey population becomes extinct while the predator

population is still positive. Describe the long term behavior of the predator
population (2 marks)
Suppose the predator population becomes extinct while the prey

population is still positive. Describe the long term behavior of the prey

population (2 marks)
Describe the long-term behavior of the system when the initial population
are given by
20 10
x,(0) =57 @ xz(0) =3



QUESTION FOUR (20 MARKYS)

a

b
C.
d

State and prove Grownwall’s inequality (7 marks)
. State the Poincaré-Bendixson theorem (3 marks)
State and prove the Bendixson’s criterion (6 marks)

Using the Bendixson’s criterion, determine whether the unforced Duffing oscillator
I.l = IE
.f: :I]__If _6.'[:

has closed orbitslying it. (4 marks)

QUESTION FIVE (20 MARKYS)

[

a. Consider the homogeneous linear periodic system
x=AM)x, A(t+T)=t, teR, T>0
Where A(t) is continuous 11 X i real or complex matrix function of t containing x

Remark: Cisann X nnmatrixwithd € #0, thenthereisamatrisB suchthat £ =

Using the above information, state and prove the Floquet theorem. (20 marks)
b. Find the maximal interval of existence for the following initial value problem
i=x% x(0)=xc (5 marks)

c. Show that the system

isunstable at the origin by using the function

V(x) = fxf + 4xixg + 2x,x5 + §x§ (5 marks)



