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QUESTION ONE (30 MARKS)

a) Let 
INn

nx be a series of elements of IK. Show that this series converges if and only if for

each real number 0 there is  N ℕ such that 


n

mk
kx for all  Nmn  . (4 mks)

b) Define the term absolute convergence of a series. Show that if 
INn

nz is absolutely convergent

then 
INn

nz is convergent but the converse need not be true. (5mks)

c) Let  ,X be a compact metric space and    dIRXf ,,:  be continuous. Show that f

is bounded. If   Xxxfm  :inf and   XxxfM  :sup show that there are points

Xxx , where   mxf  and   Mxf  . (4mks)

d) Show that all the monotonic functions on bounded intervals are functions of bounded
variation. (3mks)

e) Define the term total variation. Let f be of bounded variation on the closed interval  ba,

and  bac , i.e. bca  . Show that    bcBVfcaBVf ,,,  and

     bcVcaVbaV fff ,,,  . (5mks)

f) Define what is meant by a function f being Riemann-Stieltjesintegrable. (5 marks)

g) Suppose   IRbaf ,: is given and  is increasing on  ba, . If both f and  have a right

discontinuity (or left discontinuity) at some point c of  ba, , show that  f .  (4 mks)

QUESTION TWO (20 MARKS)

a) Let    nn yx , be convergent sequences of real numbers with limits yx, respectively and let

 nyx nn ℕ. Show that .yx  (4 marks)

b) Let      nnn zyx ,, be sequences of real numbers such that Nnyzx nnn  (N is a fixed

integer). Let    nn yx , both converge to the same limit say L, show that Lzn  as n .

(3 marks)

c) Show that n

n
n


lim exists and is 1. (4 marks)

d) Let f be of bounded variation on the closed interval  ba, and  bax , i.e. bxa  , then

 xaBVf , . Define a new function v on  ba, by

 
   

{
,,

0

xaxifxaV

axif

f

xv



 .

i. Show that v is monotonic increasing on  ba, .

ii. Let fvD  . Show that D is monotonic increasing on  ba, .

iii. Show that at each  bax , the limits     xfxf , exist. (9 marks)



QUESTION THREE (20 MARKS)

a) Show that the series 
INn

n is convergent if 1 and divergent if 1 .

(4 marks)

b) Let 
INn

na be a series of positive terms. Let
n

n

n a

a 1lim 


exist say L. Show that

i. If L<1 the series is convergent
ii. If L>1 the series is divergent. (6 marks)

c) Let 
n

na be a series of positive terms. Let
n

n

n a

a 1lim 


and n

n
n

a
1

lim


both exist and equal to say

L. Show that if L=1 then both the ratio and root tests fail the convergence test by using the

series 
INn n

1
and

INn n2

1
. (5 marks)

d) Let   IRbaf ,: be bounded and be increasing on  ba, . If 21, PP ℙ  ba, and 21 PP 

(i.e. 2P is finer than 1P ), show that

i.    21 ,,,, PfLPfL  

ii.    21 ,,,, PfUPfU   (5 marks)

QUESTION FOUR (20 MARKS)

a) Let  ,X be a metric space and    dIRXf ,,:  be continuous. Let   0,,  afXba

and   0bf . Show that there are neighbourhoods    bNaN , of ba, respectively such that

   aNxxf  0 and    bNxxf  0 . (4 marks)

b) Let   IRbaf ,: be continuous. Show that

i. If    bfaf , have opposite signs i.e.     0bfaf , then there exists  bac , i.e.

bca  such that   0cf .

ii. If    bfaf  and k is any number between  af and  bf , then there exists  bac ,

i.e. bca  such that   kcf  .

(8 marks)
c) Let f be of bounded variation on the closed interval  ba, . Show that f is bounded.

(4 marks)

d) Let  1nnf be a sequence of functions defined on a set E of real numbers. Show that there

exists a function f such that ffn  uniformly on E if and only if the following (called the

Cauchy condition) is satisfied; for every 0 there exists an integer 0n such that

00 , nnnm  implies      xfxf nm for every Ex .

(4 marks)



QUESTION FIVE (20 MARKS)

a) Define the following terms
i. Power series

ii. Radius of convergence
(2 marks)

b) Let   IRbaf ,: be monotonic. Then show that at each point  bac , i.e. bca  , the

one-sided limits     cfcf , exist. Suppose f is increasing show that

      cfcfcf . If  bayx ,,  and yx  , show that     yfxf . Moreover show

that all points of discontinuity of f are of simple kind and the set of all points of

discontinuity is at most countable.
(10 marks)

c) Let   IRbaf ,: be bounded and  be a monotonic increasing function on  ba, . Show

that  f on  ba, if and only if for every real 0 there exists P ℙ  ba, such that

      PfLPfU ,,,, .

(5 marks)
d) Define the terms pointwise convergence and uniform convergence in relation to sequence of

functions.
(2 marks)


