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QUESTION ONE (30 MARKYS)

a) Let ZXn be a series of elements of IK. Show that this series converges if and only if for

nelN
n
2%
k=m

b) Define the term absolute convergence of a series. Show that if z z, is absolutely convergent
nelN

then z z, is convergent but the converse need not be true. (5mks)
nelN

c) Let (X,r) beacompact metric space and f :(X,r )— (IR,d) be continuous. Show that f
is bounded. If m=inf {f(x):xe X} and M =sup {f(x): xe X} show that there are points

each real numbere > OthereisN(e)e N such that <e foral n>m> N(e). (4 mks)

X, X' € X where f(x)=mand f(x')=M. (4mks)
d) Show that al the monotonic functions on bounded intervals are functions of bounded
variation. (3mks)

€) Define the term total variation. Let f be of bounded variation on the closed interval [a,b]
and ce(ab) ie a<c<b. Show that feBV|[ac] feBV[cb]and
Vv, [a,b]=V, [a,c]+V,[c,b]. (5mks)

f) Definewhat ismeant by afunction f being Riemann-Stieltjesintegrable. (5 marks)

g) Suppose f :[a,b]— IR isgivenand a isincreasing on [a,b]. If both f and a have aright
discontinuity (or left discontinuity) at some point ¢ of [a,b], show that f e ®R(a). (4 mks)

QUESTION TWO (20 MARKYS)

a) Let (x,),(y,) be convergent sequences of real numbers with limits x, y respectively and let
X, <Y,V neN.Showthat x<y. (4 marks)
b) Let (x,) (y,) (z,) be sequences of real numberssuchthat x, <z, <y, vn>N (N isafixed
integer). Let (x,),(y,) both converge to the same limit say L, show that z, — L asn—>oo.
(3 marks)
c) Show that limyn existsand is 1. (4 marks)

n—oo

d) Let f beof bounded variation on the closed interval [a,b] and x e (a,b] i.e. a<x<b, then
f e BV[a,x]. Define anew function v on [a,b] by

la,x] if xe(a,x]
v(x) :{V f :

i.  Show that v ismonotonic increasingon [a,b].

0 if x=a

ii. Let D=v—f.Show that D ismonotonicincreasing on [a,b].
iii.  Show that at each x e (a, b) thelimits f(x-), f(x+) exist. (9 marks)



QUESTION THREE (20 MARKYS)

a) Show that the series D b" isconvergent if |b|<1 and divergent if [b|>1.

nelN

(4 marks)
b) Let Zan be a series of positive terms. Let lim2n exisgt say L. Show that
nelN n—o an
i. If L<1theseriesis convergent
ii. If L>1theseriesisdivergent. (6 marks)

1

c) Let Zan be a series of positive terms. Let lim2»2 and Iima,f both exist and equal to say

neN n—oo an N—o0
L. Show that if L=1 then both the ratio and root tests fail the convergence test by using the
series ZE and Ziz (5 marks)

nein nemn N
d) Let f:[a,b]—> IR be bounded anda be increasing on[a,b]. If P,P,eP[a,b]land P, c P,
(i.e. P, isfiner than P,), show that
i. L(f,a,R)<L(f.a,pr,)
i. U(f.a,P)>U(fa,P,) (5 marks)

QUESTION FOUR (20 MARKYS)

a Let (X,r) beametric spaceand f :(X,r )— (IR,d) be continuous. Let a,be X, f(a)>0
and f (b)< 0. Show that there are neighbourhoodsN(a), N(b) of a,b respectively such that
f(x)>0V xe N(a) and f(x)<0V xe N(b). (4 marks)
b) Let f:[a,b]— IR be continuous. Show that
i. If f(a), f(b) have opposite signsi.e. f(a)f(b)<0, then there exists ce(a,b) i.e
a<c<b suchthat f(c)=0.
ii. If f(a)= f(b)and k isany number between f(a)and f (b), then there exists c e (a, b)
i.e. a<c<b suchtha f(c)=k.

(8 marks)
c) Let f beof bounded variation on the closed interval [a,b]. Show that f is bounded.

(4 marks)
d) Let (f,)", beasequence of functions defined on a set E of real numbers. Show that there

existsafunction f suchthat f, — f uniformly on E if and only if the following (called the
Cauchy condition) is satisfied; for every e >0 there exists an integer n, such that
m>n,, n>n, implies |f, (x)- f,(x)<e forevery xeE.

(4 marks)



QUESTION FIVE (20 MARKYS)

a) Definethe following terms
i. Power series

ii.  Radiusof convergence
(2 marks)

b) Let f:(a b)— IR be monotonic. Then show that at each point ce(a,b) i.e. a<c<b, the
one-sided limits f(c-), f(c+) exist. Suppose f is increasing show that
f(c—)< f(c)< f(c+). If x,ye(a,b)and x<y, show that f(x+)< f(y—). Moreover show
that al points of discontinuity of f are of simple kind and the set of al points of

discontinuity is at most countable.
(20 marks)

c) Let f:[a,b]—> IR be bounded and a be a monotonic increasing function on[a,b]. Show
that f e%R(a) on [a,b] if and only if for every redle >0 there exists P e P[a,b]such that
U(f,a,P)-L(f,a,P)<e.

(5 marks)

d) Define the terms pointwise convergence and uniform convergence in relation to sequence of

functions.
(2 marks)



