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Question 1 (30 marks)

a. Prove the Parallelogram Law ‖ + ‖ + ‖ − ‖ = 2‖ ‖ + 2‖ ‖ .  (3 marks)
b. Let W be the subspace of R5 spanned by u = (1, 2, 3, -1, 2) and v = (2, 4, 7, 2, -1).  Find a

basis of the orthogonal complement of W.         (4 marks)
c. Consider the subspace U of R4 spanned by the vectors v1 = (1, 1, 1, 1), v2 = (1, 1, 2, 4)

and v3 = (1, 2, -4, -3).  Find
i. An orthogonal basis of U
ii. An orthonormal basis of U.                                         (5 marks)

d. Suppose that P is an orthogonal matrix.  Show that 〈 , 〉 = 〈 , 〉 (4 marks)
e. Find the characteristic polynomial of the linear operator F: R2→ R2 defined by

F(x, y) = (3x + 5y, 2x – 7y). (2 marks)
f. State and prove the Cauchy – Schwarz Inequality.                  (6 marks)
g. Let S be a subset of an inner product space V.  Show that the orthogonal complement of

S, is a linear subspace of V. (4 marks)
h. Distinguish between a linear functional over a vector space V and the dual space of V. (2

marks)

Question Two (20 marks)

a. Find bases for the eigenspaces of of

A =
−1 0 13 0 −31 0 −1 (8 marks)

b. Define the geometric multiplicity and the algebraic multiplicity of an eigenvalue.  State
the value of each for the eigenvalues obtained in part (b) of this question.  (4 marks)

c. Prove that is an eigenvalue of A2, if is an eigenvalue of the matrix A.   (2 marks)
d. Prove that a square matrix A is invertible if and only if = 0 is not an eigenvalue of A.

(6 marks)

Question Three (20 marks)

a. State what, in Linear Algebra, is meant by a square matrix A being diagonalizable.  ( 1
mark)

b. State how diagonalizability is related to the algebraic multiplicity and the geometric
multiplicity of an eigenvalue of a given matrix. (4 marks)

c. Find a matrix P that diagonalizes



A =
0 0 −21 2 11 0 3 (8 marks)

d. If A is an n x n matrix and P is an invertible matrix, prove that (P-1AP)2 = P-1A2P.  Hence
or otherwise show that Ak = P DkP-1 . (7 marks)

Question Four (20 marks)

a. State and prove the triangle Inequality for inner product spaces.  (4 marks)
b. Let W be a subspace of an inner product space V.  Prove that is a subspace of V.  (5

marks)
c. Consider the following polynomials in P(t) with the inner product〈 , 〉 = ∫ ( ) ( ) .  Let g(t) = 3t – 2 and h(t) = t2 -2t -3.  Determine

i. 〈 , ℎ〉
ii. ‖ℎ‖
iii. Normalize h (3 marks)

d. What is an invariant subspace?  Suppose T:  V→ V is linear.  Show that each of the
following in invariant under T.

i. {0}
ii. V

iii. Kernel of T
iv. Image of T                                    (8 marks)

Question Five (20 marks)

a. Suppose matrix B is similar to matrix A, say B = P-1AP.  Prove that Bn is also similar to
An.             (7 marks)

b. Let F: R2 → R2 be the linear operator defined by F(x, y) = (2x + 3y, 4x – 5y).

Find the matrix representation of F relative to the basis

S = {u1, u2} = {(1, 2), (2, 5)}.  (6 marks)
Find the matrix representation of F with respect to the usual standard basis.  (2
marks)

c. Consider the following bases of R2;  E = {e1, e2} = {(1, 0), (0, 1)} and
S = {u1, u2} = {(1, 3), (1, 4)}.  Find the change-of-basis matrix P from the usual basis E
to S.  (5 marks)


