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QUESTION 1 (30 MARKS)

a)

b)

c)

d)

Provethat thecircleS® = {(x,¥) € R*|x*+ y* = 1}isaone-dimensional manifold.
(8marks)

Show that if M iscompact andy € N isaregular valueof f then f *(y)isafiniteset. (6 marks)

Define a manifold (2marks)

SupposeZ = f *(y)for a regular value Yy of the mapping f:X — Y.Prove that
Ker[df,: T, X = T,Y] =T, Z atany pointx € £. (8marks)

€) Prove that any point in a smooth manifoldM has an open neighborhood in M which is diffeomorphic
to an open subset of R". (6marks)

QUESTION 2 (20 MARKS)

a) ShowthatX x ¥ c R™ x R™isa smooth manifold (8marks)

b) Show that the tangent space T, (M) has the same dimension as the smooth manifold M .(6marks)

c) Statelocal immersion theorem without prove. (2marks)

d) Suppose that f:X —Y is a diffeomorphism and df,:T, (X) — T, (Y).Prove tha the

dimensions of the two manifolds are same. (4marks)

QUESTION 3 (20 MARKS)

a) Show that an embedding f: X — Y maps X diffeomorphically into a submanifold of Y.
(10marks)
b) Show that every k— dimensional manifoldadmits a one-to-oneimmersionin R*** *(6marks)

c) Show that aproper map p : X — Rexistson any manifold X (4marks)



QUESTION 4 (20 MARKS)

a)

b)

c)

Show that the tangent vector with respect to parametrization] is also the tangent vector with respect
to parametrizationg". (6marks)

Show that any smooth map f of the closed unit ballJ™ < R™ into itself has afixed point.(8marks)

Let M be a compact manifold with boundary. Prove that there does not exist a smooth map
f:M — 0 M that leaves every point of the boundary fixed. (6marks)

QUESTION 5 (20 MARKS)

b)

d)

Let f:M — N be an imbedding, where M is a (non-empty) compact n—dimensiona smooth
manifold and N isaconnected n—dimensional smooth manifold. Show that f is a diffeomorphism.
(4marks)

Show that the orthogonal group O(n) isaLie group (8marks)

State the Inverse function theorem without prove. (2marks)

Suppose that f:X — Y isasubmersion a X, and y= f(X). Prove that there exists coordinate
around X and y suchthat f (X, ,..., X,) =[X, ,..., X,]on Neighbourhoods N(x) and M (y).
(6marks)



